The eigenvalue problem for the p-wave bound states formed by two unequal-mass scalar particles through the massive scalar particle exchange is analyzed numerically in the framework of the Bethe-Salpeter ladder model. As in the s-wave case, the eigenvalues of the coupling constant are found to become complex for some mass configurations in some range of the bound state mass. The Bethe-Salpeter amplitudes of the low-lying bound states are also investigated. *
§1. Introduction
The Bethe-Salpeter (BS) formalism is one of the effective (although now a rather oldfashioned) method to analyze the nonperturbative aspects in quantum field theory.
1) Usually, in the two-body homogeneous BS equation (describing two-particle bound states), complete
propagators are approximated by free propagators and the BS kernel (describing the twobody interaction) is approximated by its Born term. For the case that the two-body interaction is induced by a particle exchange, the approximated BS formalism is referred to as the ladder model. In this model, given a mass of the bound state, the BS equation can be interpreted as an eigenvalue equation for the coupling constant.
Despite of these simplifying approximations, the two-body homogeneous BS equations cannot be treated analytically except for the Wick-Cutkosky model.
2) This model, describing two scalar particles (with not neccessarily equal masses) exchanging a massless scalar particle, can be reduced to an eigenvalue equation of Sturm-Liouville type. It's spectral property is fully clarified analytically as well as numerically. In the case that the mass of the exchanged particle is nonzero (termed as scalar-scalar ladder model by Nakanishi 3) ), the eigenvalue problem remains, even after the partial wave decomposition, a two-dimensional partial differential (or integral) equation. If the two external scalar particles have equal masses, the corresponding eigenvalue equation can be reduced to a manifestly Hermitian form through the Wick rotation. In this case, although the detailed properties of eigenvalues are less well understood compared with the Wick-Cutkosky case, general properties like the discreteness, reality and positivity can be derived from the analysis of the integral kernel.
Contrary to the equal-mass case above, in the unequal-mass scalar-scalar ladder model, even the reality of eigenvalues is not yet proved or disproved analytically. The situation was quite confusing nearly thirty years ago. There were coexisting the papers suggesting the reality of eigenvalues analytically 4) and numerically 5) , and also the papers supporting the nonreality of eigenvalues analytically 6) and numerically 7) . Relying on the progress in numerical computational technique, the present authors performed a rather extensive calculation 8) to obtain eigenvalues numerically. It was found that complex eigenvalues could appear in the first and second s-wave excited states, depending on the mass configuration of the two external particles and the exchanged particle, for the bound state mass squared around the pseudothreshold. The authors also made a numerical analysis of the BS amplitudes (eigenfunctions) 9) to investigate the behavior of amplitudes in the momentum space and also to check the numerical accuracy of the results obtained in Ref. 8 .
The purpose of the present paper is to study the "universality" of the complex eigenvalues in the unequal-mass scalar-scalar ladder model based on the improved numerical method compared with that of Ref. by two scalar particles with masses m 1 and m 2 by exchanging a scalar particle with mass µ in the ladder model, obeys, after the Wick rotation, the following BS equation: 
2) with σ = s/4 and 0 < = ∆ < 1. In this unit, the two-particle threshold is equal to 4, while the pseudothreshold is 4∆ 2 .
The three-dimensional (space part) rotational invariance of Eq. (2 . 2) assures that the four-variable integral equation can be reduced to a two-variable (e.g. p 4 and p := √ p 4 2 + p 2 ) equation. By using the polar coordinates in the four-dimensional momentum space (p, p 4 ),
through the expansion of the BS amplitude in terms of four-dimensional spherical harmonics
for suitable l (= 0, 1, 2, . . .) and m (−l < = m < = l), the two-variable equation is further transformed into an infinite system of one-variable integral equations.
By changing the variable p (the magnitude of the four-dimensional momentum) to z defined by
2) is rewritten, after the partial wave decomposition, as
The l-th wave BS amplitude
The detailed procedure of the above transformations and the explicit form of the integral kernel matrix functions K LL ′ ,l (z, z ′ ) for l = 0 and l = 1 are given in Ref. 8 . They are all expressed as finite sums of elementary functions of z and z ′ . These matrix elements are all 
The points z 1 , · · · , z N are the Gauss-Legendre points on the interval [−1, 1], and w 1 , · · · , w N are the corresponding integration weights. eigenvalues and also the fourth and fifth eigenvalues form complex conjugate pairs for s in the range 0.60 < s < 2.25 and 0.48 < s < 2.35, respectively. We have sketched in Fig. 1 a graph of the first six eigenvalues as a function of s (0 < s < 4) in the complex λ-plane. At s = 4∆ 2 , for example, λ 2,3 = 11.9 ∓ 0.41i and λ 4,5 = 22.6 ∓ 0.98i. The ground state λ 1 is always real since there is no partner coinciding with it at s = 4∆ 2 and µ = 0. Also the sixth eigenvalue λ 6 remains real: The 4-, 5-and 6-th eigenvalues degenerate at s = 4∆ 2 and µ = 0, and the lower two λ 4 and λ 5 form a pair, while λ 6 sticks to a life of proud loneliness. We have also confirmed that in the [1.6 ⇐ 0.2 ⇒ 0.4] model complex eigenvalues certainly appear in the s-wave case. §4. BS amplitudes
We shall investigate the behavior of the BS amplitude from the numerically obtained
L,1 (z; s), corresponding to the k-th eigenvalue λ = λ k (k = 1, 2, · · · , 6) at the bound-state mass squared s. The radial part (with the factor Y lm (θ, φ) omitted) of the approximate BS amplitude φ k (|p|, p 4 ; s) is given by
As the first example, we shall consider a rather deep relativistic case s = 0.40, where all the eigenvalues are real: λ 1 = 6.45, λ 2 = 14.1, λ 3 = 14.7, λ 4 = 26.2, λ 5 = 26.7, λ 6 = 27.7. We can see that λ 2 and λ 3 are nearly equal, so are the λ 4 , λ 5 and λ 6 . This can be understood as a remnant of the degeneracy between λ 2 and λ 3 (and also among λ 4 , λ 5 and λ 6 ) at the pseudothreshold in the zero-mass exchange case. We have plotted in Figs half plane. The complex-valued amplitude is normalized so that at the point where the absolute value becomes largest, the real part of the magnitude is equal to 1.00, while its imaginary part is zero. We can see that due to the presence of the kinematical factor |p| in Eq. Fig. 4(b) is compressed to one tenth compared with that in Fig. 3(b) . approaches zero in the nonrelativistic limit (s ↑ 4), since the ground state have a well-defined limit (normal state). At this energy, the p 4 -symmetric real part dominates over the p 4 -antisymmetric imaginary part: The maximum of the imaginary part is at most several percent of the maximum of the real part. Moreover, if we integrate the amplitude over the p 4 variable, which corresponds to the equal-time nonrelativistic wave function, the contribution from the imaginary part vanishes identically. As in the s-wave case, the support of the amplitude is concentrated near the origin. §5. Summary and discussion
We have thus confirmed that the emergence of complex eigenvalues (of the coupling constant) is a commonplace event in the scalar-scalar ladder model in the unequal-mass case. For a fixed mass difference 2∆ between two constituent paticles, complex eigenvalues in the pwave case appear in the narrower mass range of the exchanged particle than that in the s-wave case. It is expected that complex eigenvalues also appear in higher waves if the exchangedparticle mass µ is nonzero and sufficiently small. This is due to the degeneracy of eigenvalues of the Wick-Cutkosky model at the pseudothreshold s = 4∆ 2 : A pair of eigenvalues, which is degenerate at s = 4∆ 2 when µ = 0, is attracted into a complex conjugate pair when µ becomes nonzero, because of the non-Hermiticity of the matrix equation when ∆ is not equal to zero. Based on these considerations, it will be possible to prove analytically (or at least semi-analytically) the existence of complex eigenvalues at s = 4∆ 2 , with the aid of perturbation theory around µ = 0.
